Nonlinear optical responses to external electromagnetic field, characterized by second and higher order susceptibilities, play crucial roles in nonlinear optical devices and novel optoelectronics. Herein we present a quantum nonlinear ferroic optical Hall effect (QNFOHE) in multiferroics -a Hall-like direct photocurrent originated from the second order current response to intense electromagnetic field whose direction can be controlled by both internal ferroic orders and external light polarization. QNFOHE consists of two types of nonlinear photocurrent responses -shift current and circular photocurrent under linearly and circularly polarized light irradiation dominated by topological shift vector and Berry curvature, respectively. We elucidate the microscopic mechanism of QNFOHE in a representative class of 2D multiferroic materials using group theoretical analyses and first-principles electronic structure theory. The complex interplay of crystalline, permutation, gauge, and time reversal symmetries as well as inherent causality governs the symmetry properties of shift current and circular photocurrent. QNFOHE combined with rich ferroic degrees of freedom in multiferroic materials will open up a variety of new avenues for realizing tunable and configurable nonlinear optoelectronics etc.
Introduction
Nonlinear light-matter interaction plays a key role in the understanding, probing, and ultimate control of light and matter at the nanoscale. In particular, materials with strong nonlinear optical responses are highly desirable for many scientific disciplines and technological applications (1-3), e.g. ultrafast nonlinear optics (4) , nonlinear biosensing and imaging (5) , efficient generation of entangled photon pairs for quantum computing and quantum sensing (6, 7) , and all-optical transistor and computer (8) (9) (10) . Due to the odd parity of the two polar vectors -electric dipole and electric field, even order nonlinear electrical susceptibility tensors vanish in centrosymmetric crystals (11, 12) , while odd order responses are not limited by such constraint.
Among a plethora of optical responses, nonequilibrium direct current (DC) from periodically driven system under light field is of particular interest. One notable example is linear photovoltaic Hall effect which has been predicted in graphene (13) . Additionally, there exist appealing secondorder nonlinear DC responses to electromagnetic field in noncentrosymmetric solids, e.g. shift current (SC) and circular photocurrent (CC). Both were recently observed in Weyl semimetals (14) (15) (16) (17) (18) . In parallel, recent experiments suggest two-dimensional van der Waals layered materials exhibit symmetry-dependent strong nonlinear optical responses, such as second/third harmonic generation. It makes nonlinear optical spectroscopy a perfect facile tool for characterizing and quantifying 2D materials, e.g. elastic strain, crystal orientation, phase transition, crystal thickness, even/odd layer oscillation, etc. Strong nonlinear responses in 2D materials also suggest their great advantage for phase-matching free nonlinear optics (19) (20) (21) .
SC, known as bulk photovoltaic current (22, 23) , refers to a photoexcitation of an electron from the valence to the conduction band with a simultaneous change in the phase of wave functions. Another type of nonlinear photocurrent, CC, also known as injection current, circular photogalvanic effect (CPGE) (24, 25) and quantum nonlinear optical Hall current (26, 27) , arises from the interference of wavefunctions upon photoexcitation associated with a phase difference between two linearly polarized light, which allows for phase-modulated nonlinear photocurrent with tunable magnitude and direction. For example, left-circularly polarized and right-circularly polarized light can induce opposite currents. Using semiclassical Boltzmann framework, Moore et al. (26) and Sodemann et al. (27) revealed the fundamental roots of nonlinear SC and CC in Berry curvature induced anomalous velocity of metallic materials. This framework includes intraband process as the product of Berry phase and the gradient of Fermi-Dirac distribution function, equivalent to Berry curvature dipole. (27) The nonlinear response in this case only considers the intraband process in metallic systems at low frequency regime. In intrinsic semiconductors or insulators, the gradient of Fermi-Dirac distribution and thus the Drude-like SC/CC response vanish. However, nonlinear photogalvanic current persists in non-centrosymmetric semiconductors due to nonlinear interband process which is absent in the above intraband model.
Herein we propose a quantum nonlinear ferroic optical Hall effect (QNFOHE) originating from the SC and CC responses in multiferroic materials, where a Hall-like direct photocurrent will be generated upon electromagnetic field whose direction can be controlled by both internal ferroic orders and external light polarization and chirality. We provide a microscopic picture of QNFOHE based on first-principles theory beyond semiclassical approach and group theoretical analysis of crystalline symmetry, time reversal symmetry, permutation symmetry, gauge symmetry, and inherent causality. To illustrate the underlying mechanisms, we take monolayer group IV monochalcogenides (MX with M=Ge, Sn and X=Se, S) as an example -a ferroelectric-ferroelastic multiferroics (28) . These 2D MX exhibit large SC and CC responses that are dominated by topological quantities -shift vector and Berry curvature, respectively. Our first-principles calculations and group theory analyses show that switching ferroelastic order flips the direction of nonlinear SC and CC photocurrent by ±90º, while switching ferroelectric orders flips both nonlinear photocurrents by 180º. Additionally, changing left/right circular polarization of light will induce 180° flip in CC. The microscopic understanding of QNFOHE from first-principles theory, together with very recent discoveries of 2D ferroics/multiferroics, will open up a variety of new avenues for achieving tunable and configurable nonlinear optoelectronics etc. by utilizing their rich ferroic degrees of freedom.
Results
Theory of SC and CC QNOFHE in 2D multiferroics originates from the second-order photo-induced direct current density ⟨ #$ ⟩ (') . Unlike linear photocurrent, the direction of ⟨ #$ ⟩ (') depends on intrinsic ferroic orders which is the key to QNOFHE. ⟨ #$ ⟩ (') consists of two types of nonlinear photocurrents, SC and CC, which reflect the polarization change upon photoexcitation per unit volume,
Here , , are Cartesian indices. The electric field can be described using phasors ( ) = Relation between SC and CC Although SC and CC have different physical meaning, they are closely related. The derivative of CC susceptibility tensor ' .,z can be written as the following † '
.,z (0; ,
where the integration by parts is applied. Furthermore,
Thus for a two-band model, we substitute Ω _ z − Ωẑ = 2Ω _ẑ † '
It clearly shows that the two topological quantities, shift vector and Berry curvature, are closely related. Both SC and the derivative of CC with respect to frequency are related to the shift vector.
First-principles calculation and group theoretical analysis of nonlinear SC in 2D multiferroic MX
The symmetry property of linear susceptibility and nonlinear SC and CC susceptibility are governed by point group and permutation symmetry, which correspond to direct product ⨂ , ⨂ , ⨂ × * , respectively. Here we take monolayer group IV monochalcogenides (MX with M=Ge, Sn and X=Se, S) as an example which is a ferroelectric-ferroelastic multiferroics (28) . In 2D MX with C2v point group (see Figs. 2A and 2B for crystal and electronic structure, respectively) and its character table (Table S1) } vanishes at the k points around the band gap, while Im •2 2• remains finite due to the optical selection rule. ^_ .,1 ( ) is a gauge invariant topological quantity which is well defined away from optical zero points, i.e. ^_ 1 ( ) ≠ 0. Since the optical zero points have no contribution to SC, we compute the shift vector by , which leads to ^_ .,1 (− ) = − _. ,1 ( ) =^_ .,1 ( ). This is clearly confirmed in
Figs. 2I and 2L. The shift vector can reach as high as ~15 Å, much larger than its lattice constant. This is very different from electric polarization vector which is smaller than the lattice vector. Figures S3 and S4 show the distribution of the SC susceptibility tensor elements for monolayer MoSe2 in the first Brillouin zone, demonstrating that its shift vector can go far beyond its lattice parameter. that is, 100 ∼ 300pA/ ). (33) SC and CC are generated simultaneously under circularly polarized light. It is possible to compare their peak amplitudes if we assume the same incident light intensity and a relaxation time of 10 ¬-± for GeS. CC is larger than SC, JCC/JSC = ~5. The second order nonlinear photocurrent response for different incident polarized light is summarized in Table S3 . It should be noted that there is another nonzero element Figures 3C and 3D show the k resolved CC susceptibility in monolayer GeS under circularly polarized light at two different frequencies (2.3 and 2.8 eV), demonstrating that the main response of the CC is localized around Y point. It should be noted that, for the same frequency of 2.8 eV, the SC (Fig. 2F) and CC (Fig. 3D) are very different from each other, as the SC is localized around Y point. The CC susceptibility is determined by the product of group velocity difference and Berry curvature 2• z ( ). The susceptibility tensor relates the component of the polar vector J and the axial vector e×e*. Hence, it is nonzero for the point groups that allow optical activity or gyrotropy. Here e is the unit vector of light polarization. Figure 3E shows the group velocity difference between the highest valence band and the lowest conduction band, which confirms the time reversal symmetry ( ) = − (− ) (see Figs. S5 and S6 for the energy-dependent group velocity distribution). The Berry curvature 2• z ( ) of GeS is show in Fig. 3F , which confirms 2• z ( ) = − 2• z (− ) under time reversal symmetry and the mirror plane (yz-plane) leads to opposite Berry curvature at (± } ,~). The product of these two odd functions, ( ) and 2• z ( ), results in nonvanishing CC in 2D MX with C2v point group. This is in direct contrast to 1H-MoSe2 whose CC response vanishes due to its D3h point group as evident in its Berry curvature shown in Fig. S7 .
First-principles calculation and group theoretical analysis of nonlinear CC in 2D multiferroic MX

Quantum nonlinear ferroic optical Hall effect (QNFOHE)
The above group theoretical analyses and first-principles calculations illustrate the underlying selection rule and microscopic mechanism governing nonlinear SC and CC photocurrents. Since they are intimately related to the symmetry and topology, nonlinear SC and CC photocurrents are inherently coupled with the intrinsic ferroic orders in 2D multiferroics MX, giving rise to QNFOHE which we will discuss below. Let's first inspect the coupling between ferroelectric order (~) and nonlinear SC and CC responses. Since both CC and SC are a polar vector, the sign of SC will flip upon ferroelectric polarization switch (~® −~). Consequently, the sign of SC susceptibility tensor ' 11 (0; , − ) and CC susceptibility tensor ' },z (0; , − ) will also flip. Thus, under the same linearly/circularly polarized light, SC and CC will change the direction by 180° upon ferroelectric polarization switch, that is, holds in group D3h with a mirror plane perpendicular to x axis, e.g. 1H-MoSe2.
Since 2D MX possess both ferroelectric and ferroelastic orders, it has four multiferroic (± , ± ) states whose nonlinear photocurrent SC and CC are directly correlated as listed in Table 2 . Here we define ferroelastic strain + for ϵ ÀÀ < 0 and ϵ ¾¾ > 0 , and − for ϵ ÀÀ > 0 and ϵ ¾¾ < 0 . Ferroelectric polarization could be ± } if ϵ ÀÀ > 0, or ±~ if ϵ ¾¾ > 0. It is worth to mention that linear optical susceptibility will not change with ferroelectric polarization switching because its matrix element r^_ 1 r _1 is always positive. Moreover, for a given multiferroic state ( , ) , nonlinear SC and CC current responses in 2D MX are bulk photocurrent response along different directions, thus SC and CC can serve as a fundamental principle for real-space mapping of both ferroelectric and ferroelastic orders potentially at nanoscale resolution.
Discussion
In summary, using group theoretical analyses and first-principles calculations we have studied the microscopic mechanism of nonlinear SC and CC photocurrent in 2D multiferroics. Our results show that nonlinear photocurrent is highly sensitive to the symmetry of materials, including point group symmetry, permutation symmetry and time reversal symmetry. This leads to QNFOHE, a nonlinear optical Hall effect unique to multiferroics where the direct and sign of SC and CC photocurrent are strongly correlated with intrinsic ferroic orders and external light polarization. The concept of QNFOHE illustrated here is not limited to 2D multiferroics, rather it can be generally applicable to many multiferroic semiconductors and even ferroelectric metals. With QNFOHE one can envisage to directly control nonlinear photocurrent by switching ferroelastic strain and/or ferroelectric polarization accompanied by instantaneous direction and/or sign switching of the photocurrents. One may conduct high-resolution characterization of ferroelastic and ferroelectric orders as well as domain evolution using ultrafast optical techniques based on QNFOHE. The QNFOHE together with the recently discovered 2D ferroics/multiferroics will open up avenues for realizing configurable nonlinear optoelectronics etc. by controlling their rich ferroic orders. 
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